A comparison of several commonly used turbulence models (including the K -c model and two second-order closures) is made for the test problem of homogeneous turbulent shear flow in a rotating frame. The time evolution of the turbulent kinetic energy and dissipation rate is calculated for a variety of models and comparisons are made with previously published experiments and numerical simulations. Particular emphasis is placed on examining the ability of each model to accurately predict equilibrium states for a range of the parameter hz/S (the ratio of the rotation rate to the shear rate). It is found that none of the commonly used second-order closure models yield substantially improved predictions for the time evolution of the turbulent kinetic energy and dissipation rate over the somewhat defective results obtained from the simpler K-c model for the turbulent flow regime. There is also a problem with the equilibrium states predicted by the various models. For example, the K-a model erroneously yields equilibrium states that are independent of n/S while the Launder, Reece, and Rodi model predicts a flow relaminarization when n/S > 0.39 -a result which is contrary to numerical simulations and linear spectral analyses which indicate flow instability for at least the range 0 5 n/S 5 0.5. The physical implications of the results obtained from the various turbulence models considered herein are discussed in detail along with proposals to remedy the deficiencies based on a dynamical systems approach.
INTRODUCTION
Homogeneous turbulent flows have played a central role in the calibration and testing of a variety of turbulence models. The reason for this prominence is twofold: (a) homogeneous turbulence contains many of the important flow effects of scientific and engineering interest in a simplified setting which quite often gives rise to closed form solutions in the commonly used turbulence models, and (b) there is an abundance of reliable data from physical and numerical experiments with which to compare the predictions of turbulence models. In particular, the physical and numerical experiments on homogeneous plane shear and plane strain (see Tucker and Reynolds 1968 , Champagne, Harris, and Corrsin 1970 , Tavoularis and Corrsin 1981 , and Rogallo 1981 have been used extensively in the calibration of second-order closure models and the most recent two-equation models of the K--E: type.
When a two-equation turbulence model or a second-order closure model is applied to homogeneous turbulence, it gives rise to an initial value problem for a set of coupled nonlinear ordinary differential equations -a dynamical systems problem. However, there appear to have been no previously published studies of homogeneous turbulence modeling from this nonlinear dynamics standpoint. This forms the motivation for the present study.
In this paper the performance of four commonly used turbulence models (the standard K-e model, a nonlinear K -e model, the Launder, Reece, and Rodi second-order closure model, and the Rotta-Kolmogorov second-order closure model) are examined for the test problem of homogeneous turbulent shear flow in a rotating frame -a problem which encompasses arbitrary combinations of plain strain and plane rotation. The time evolution of the turbulent kinetic energy and dissipation rate will be computed along with equilibrium states which, mathematically, are the fixed points of the resulting system of nonlinear ordinary differential equations. Extensive comparisons with physical and numerical experiments will be made. The results obtained are somewhat disappointing at least in a quantitative sense. For example, it will be shown that the commonly used two-equation models of the K--E: type yield predictions for the turbulent kinetic energy and dissipation 1 rate that are independent of the state of rotation of the fluid -a result which is in substantial contradiction to numerical simulations of the Navier-Stokes equations. While the second-order closure models do yield rotationally dependent solutions, it will be shown that their predictions of the time evolution of the turbulent kinetic energy and dissipation rate are not (for the turbulent flow regime) substantially better than the significantly simpler K--E: model. Considerable attention will be paid to the ability of each model to predict equilibrium states. In this regard, it will be shown that there are deficiencies in the commonly used second-order closures. For example, the Launder, Reece, and Rodi model will be shown to predict a flow relaminarization when n/S > 0.39 whereas large-eddy simulations and linear spectral analyses indicate that there is an exponential growth in the turbulent kinetic energy and dissipation rate for 0 5 n / S 5 0.5 (it is only their ratio, the turbulent time scale, that approaches a structural equilibrium). On the other hand, the K--E: model erroneously predicts unstable flow for all values of n/S with exactly the same turbulence structure. The results predicted by these four turbulence models will be documented in detail and specific proposals will be made for the development of improved models.
TURBULENT SHEAR FLOW IN A ROTATING FRAME
We will consider the problem of homogeneous turbulent shear flow in a steadily rotating frame for an incompressible viscous fluid (see Figure 1) . This problem is chosen because it incorporates arbitrary combinations of plane rotations and strains and, hence, represents a rather general class of homogeneous turbulent flows in a simplified setting. Since the homogeneous turbulence problem being considered is planar, the Reynolds equation is satisfied identically for all values of the rotation rate SZ and shear rate S (c.f., Reynolds 1987). Consequently, no consistency problems can arise since the mean momentum and continuity equations are satisfied identically for the entire range of parameter space. For the problem at hand, the mean velocity gradient tensor is given by o s 0 0 0 0 and SZi = (O,O,SZ) is the rotation rate of the framing relative to an inertial frame of reference. We will restrict our attention to incompressible fluids with constant properties.
First, we will consider the traditional K-E model for which the turbulent kinetic energy K and dissipation rate e are solutions of the nonlinear ordinary differential equations (see Hanjalic and Launder 1972) for any homogeneous turbulent flow. Here, It therefore follows that the evolution of K/Ko, E / E O , and SKI6 in time r only depends on the shear rate and initial conditions through the dimensionless parameter SKo/eo.
Consequently, the K--E model predicts that two homogeneous turbulent shear flows are dynamically similar provided that SKO/-EO are the same for both flows. This is only partially consistent with the Navier-Stokes equations which at least require that both
SKo/eo and the shape of the initial energy spectrum be the same for two flows to be dynamically similar. The equations of motion for the K -E model in homogeneous turbulent 4 shear flow are the same in all frames of reference independent of whether or not they are inertial and, therefore, the time evolution of K/Ko, &/eo, and SKI& are independent of the rotation rate fl of the reference frame. This result will be shown later to be in serious disagreement with numerical simulations of the Navier-S tokes equations. Equation (9) has an equilibrium solution (in the limit as r -+ 00) which is of the form
where CY E (Ce2 -l)/(Cel -1). Hence, the long time solutions (i.e., when r >> 1) for K/Ko which are obtained by substituting (13) into (11) and (12). It is thus clear that the K-e model predicts that there is an exponential growth of K and e in time for homogeneous turbulent shear flow; a structural equilibrium is reached in their dimensionless ratio S K / e which is completely independent of initial conditions. It is encouraging to note that this physical picture is consistent with direct numerical simulations of the Navier-S tokes equa- gives rise to differences in the normal components of the anisotropy tensor. Later, it will be shown how these differences constitute a substantial improvement over the traditional K-e model.
The most popular second-order closure model currently used is that of Launder, Reece, and Rodi (1975 
Since it is not necessary to solve the transport equation for 733. The system of equations (23) - (27) can be non-dimensionalized and recast into an alternative system of equations for e / S K , 611, 612, 6 2 2 , and K / K o which are as follows: 
whose solutions will be examined in the next section.
The Rotta-Kolmogorov model (c.f., Mellor and Herring 1973) will be the last model 
However, the decay of turbulent kinetic energy is governed by the equal
which is a rigorous consequence of the Navier-Stokes equations for the homogeneous turbulent shear flow under consideration. A simple comparison of equations (44) and (49) yields for the Rotta-Kolmogorov model. Hence, as with the Launder, Reece, and Rodi model, the system of equations (44) -(48) can be non-dimensionalized and recast into an equivalent set of equations for SKI&, bll, b12, and b22 as follows:
where T = St is the dimensionless time. This system of nonlinear ordinary differential equations is solved subject to the initial conditions (34) which correspond to an isotropic turbulence. As with the Launder, Reece, and Rodi model, K/Ko, E / E~ and b33 are obtained from the computed variables using equations ( For example, both models have exponential long time growth behavior, Le., for T > 1 and ( E I S K ) , > Ot (it should be noted that Tavoularis (1985) predicted such an exponential growth for the spatially evolving version of homogeneous turbulent shear flow obtained by a Galilean transformation). Furthermore, the bifurcation diagrams for the *For ( e / S K ) , = 0, it will be demonstrated later that K and E can either grow or decay with time.
11 models are qualitatively similar. A comparison of the results predicted by each of these models with physical and numerical experiments will be made in the next section.
COMPARISON OF THE MODELS
First, we will present computed results for the time evolution of the turbulent kinetic energy and dissipation rate predicted by the various models. It should be noted that both the traditional and nonlinear K--E models yield the same results for the time evolution of K / K o and &/eo (the differences between the two models are in their predictions for the anisotropy tensor). Computations were conducted for a variety of values of n / S using a Runge-Kutta-Fehlburg numerical integration scheme. In Figure 2 , the time evolution of the turbulent kinetic energy is shown for fl/S = 0 and an initial condition of co/SKO = 0.496 (picked to agree with the large-eddy simulations of Bardina, Ferziger, and Reynolds 1983) . No direct comparisons with the experiments of Champagne, Harris, and Corrsin (1970) are made because of the uncertainty as to what the initial dissipation was in that study.
Mild to moderate changes in the initial dissipation (reflected in the initial condition eo/SKo) can yield dramatically different results for the time evolution of the turbulent kinetic energy and dissipation rate. In Figure 4 , the time evolution of the turbulent ki- Bardina, Ferziger, and Reynolds (1983) . This discrepancy appears to be serious since the rather dramatic increase in turbulence activity indicated by the large-eddy simulations in Figure 5 has been confirmed independently by linear spectral calculations (see Figure 3 in Bertoglio 1982). In addition, one would expect, on physical grounds, the case of R / S = 0.25 to be substantially more energetic than the case of n/S = 0. When third-order moments are neglected in the Reynolds stress transport equations, the equations associated with the R/S = 0.25 case are identical to those for plane strain and it is well known that plane strain is considerably more energetic than plane shear in homogeneous turbulence.
The time evolution of the turbulent kinetic energy and dissipation rate for R/S = 0.5
and an initial condition of -EO/SKO = 0.496 is shown in Figures 7-8 . It is ironic to note that the K--E model yields the best agreement with the results of large-eddy simulations for this case. However, it must be remembered that the K--E model has a major defect in that it predicts the same results for K and E: independent of the value of R/S -a state of affairs that is contrary to both physical and numerical experiments. The Launder, Reece, and Table 1 , the specific numerical values of the equilibrium anisotropy tensor bij and shear parameter S K / E are given as a function of n/S for both the linear and nonlinear K--E models. It should be pointed out that these results were computed using the value of C,, = 0.055 which was recommended by Rodi (1972) for ratios of production to dissipation P I E of the order of two or greater (for the problem at hand, P / e = 2). The traditional value of C,, = 0.09 was used for the time evolution computations since it rigorously applies for P / E = 1 (the mean between the initial value of P / s = 0 and the equilibrium value of P / c = 2) and thus constitutes a reasonable average for C,, that is used in most engineering calculations where there is a temporally or spatially varying turbulence structure. It is clear that the equilibrium values shown in Table 1 for the linear K--E model are extremely poor in their prediction of the normal components of the anisotropy tensor. The nonlinear K--E model yields dramatically improved predictions for these normal components of the anisotropy tensor (it should be noted that the large-eddy simulations tend to overpredict the anisotropy tensor due to problems with defiltering). However, both the linear and nonlinear K--E models yield equilibrium values of b12 and S K / e which are the same for all values of n/S.
While these predictions for SKI& are reasonably good for n/S = 0, they can be in serious error for other values of n/S. Specifically, for large values of n/S, a relaminarization of the flow would be anticipated on physical grounds where the turbulence decays in such a way that ( e / S K ) , = 0. Such a relaminarization would be expected since, when n / S > 1, the Rossby number (e/2nK), < 0.1. A Taylor where (b22), can be arbitrary (computations, however, suggest that only one value of Figure 10 . It has the same structure as that for the Launder, Reece, and Rodi model (the two models are topologically equivalent from a dynamical systems standpoint). The primary difference between the two models is that the Rotta-Kolmogorov model predicts an equilibrium value of ( s / S K ) , = 0 with a decaying turbulent kinetic energy and dissipation rate for n/S > 0.61 as compared to the corresponding range of n / S > 0.39 predicted by the Launder, Reece, and Rodi model. In this regard, the Rotta-Kolmogorov model is superior since linear spectral models of tur-bulence suggest that rotating homogeneous shear flow is unstable for 0 5 n/S 5 0.5. The Launder, Reece, and Rodi model is seriously in error in its prediction of a relaminarization for 0.39 < n/S < 0.5. On the other hand, for pure shear flow (n/S = 0) the Launder, Reece, and Rodi model yields an equilibrium value for ( e / S K ) , that is in much better agreement with the experiments of Tavoularis and Corrsin (1981) than the result predicted by the Rotta-Kolmogorov model (see Table 2 ). The fact that the Launder, Reece, and Rodi model deviates incorrectly from Richardson number similarity can be seen in the equilibrium values for the anisotropy tensor for n/S = 0.25 shown in Table 2 . The Launder, Reece, and Rodi model predicts that b22 B -3bll whereas large eddy simulations and supporting analogies with plane strain (see Bardina, Ferziger, and Reynolds 1983) indicate that b l l rn b22 as predicted by the Rotta-Kolmogorov model.
In Figures 11-12 In Figure 13 , the time evolution of S K / e is shown for the K-e model, the Launder, Reece, and Rodi model, the Rotta-Kolmogorov model, and the direct numerical simulations of Lee, Kim, and Moin (1987) corresponding to the initial condition of SKo/eo = 50 which constitutes a strong shear. The direct simulations of Lee, Kim, and Moin (1987) were done using the Rogallo code which for the weak shear case was shown by Rogallo (1981) to yield equilibrium values of S K / e in the range of those predicted by the turbulence models we have been considering. Hence, the numerical simulations are indicative of the possibility of another stable equilibrium value of (SKI&), attracting initial conditions such 
I
The results shown in Figure 13 are suggestive of a potential problem concerning the applicability of the commonly used turbulence models to strong homogeneous turbulent shear flows. To further illustrate this point, the time evolution of the turbulent kinetic energy and dissipation rate are shown in Figures 14-15, for However, the nonlinear model yields the same deficient predictions for K and e as the standard K-s model. Finally, we will make suggestions for the development of improved models. It is clear that the major deficiency with the nonlinear K-e model lies in its lack of an ( e / S K ) , = 0 fixed point and the lack of any dependence on sZ/S in the dissipation rate transport equation. This can be corrected by allowing C,, and Cc2 to be nonlinear functions of an appropriate flow invariant which reduces to e/sZK for rotating shear flow. With such a correction, the nonlinear K-e model could be a strong competitor to the commonly used second-order closure models. In order to improve the second-order closures, we propose that material frame-indifference in the limit of two-dimensional turbulence (which constitutes a geostrophic flow constraint that all of the models considered herein violate) be applied in the manner of Haworth and Pope (1986) and Speziale (1985) . This should yield improved behavior in the low Rossby number limit and provide the possibility of an additional fixed point for the high shear rate case since this correction increases by one the degree of the nonlinearity in qj. The implementation of these improvements and their evaluation based on a dynamical systems approach will be the subject of a future paper. Bardina, Ferziger, and Reynolds (1983) and the experiments of Tavoularis and Corrsin (1981) . 
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